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Therefore, three-dimensional measurement method for hydraulic stress field is expected. Muto et
al. visualized the unsteady fluid stress field using a photoelastic method (MUTO & TAGAWA,
2019). In this method, the retardation of the polarized light passing through photoelastic material
under stress is measured by a high-speed polarization camera. Note that the retardation measured
by the high-speed polarization camera is the integrated value along the optical axis of the camera.
In a two-dimensional stress field with no stress component in the optical axis of the camera, the
retardation ∆ is proportional to the principal stress difference σd (Ramesh, 2021). The relationship
is called the stress-optic law and described as

∆ = Chσd = Ch (σ1 − σ2) (1)

where h [m] is the thickness of the measurement object in the optical axis of the camera, C [1/Pa]
is the stress-optic coefficient, σd [Pa] is the principal stress difference, σ1, σ2 [Pa] are respectively
the maximum and minimum principal stress (see Fig. 1). In Eq. (1), in a two-dimensional stress
field where the stress distribution in xy-plane is constant at any z, the retardation is proportional
to the principal stress difference because the value of the principal stress difference is constant in
z direction. On the other hand, in a three-dimensional stress field where the stress distribution in
xy-plane varies with z, the relation between the hydraulic stress field and the integrated retarda-
tion should be examined carefully.
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Figure 1. Illustration of a photoelastic method. σ1 is the maximum principal stress in xy-plane, and σ2 is the
minimum principal stress. h is the thickness of measurement target. The light is a polarized light.

The purpose of this study is to elucidate the following two problems for CNC mixed solution (0.5
wt %). The first is to elucidate whether there are any phenomenon (trend) peculiar to CNC mixed
solution that differ from those in the solid case. The second is to elucidate the extent to which
the stress-optic law holds for CNC mixed solution. As a verification method for the first question,
we conducted comparison and verification between the experimentally measured retardation dis-
tribution and the theoretical stress distribution based on the analytical solution in steady laminar
flow in a rectangular channel for a CNC mixed solution (0.5 wt %) (Newtonian fluid). Also, as a
verification method for the second question, we conducted comparison and verification between
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the measured retardation, after offsetting the effect of the retardation peculiar to the CNC mixed
solution us and the theoretical stress distribution.

2. Method

2.1. Experimental setup

Fig. 2 shows the schematic of our experimental set-up. It consists of a linear polarizer, a quarter-
wave plate, and a rectangular channel (made of quartz) placed between a light source (SOLIS-525C,
525 nm, Thorlabs) and a high-speed polarization camera (CRYSTA P1-P, Photoron, imaging speed:
1,000 f.p.s.). The reason for using a rectangular channel is that the curvature of the channel surface,
as in the case of a circular tube, refracts light and makes the difficulty of retardation measurement.
The length of the channel is 60 mm and the size of the rectangular cross section is 2 mm × 2
mm. The high-speed polarization camera incorporates four polarizers with different polarization
directions (0°, 45°, 90°, and 135°). The retardation of the incident light is calculated based on the
light intensities of each polarizer (I1, I2, I3, and I4, respectively) (Onuma & Otani, 2014) as follows:

I0 =
I1 + I2 + I3 + I4

2
(2)

∆ =
λ

2π
sin−1

√
(I3 − I1)

2 + (I2 − I4)
2

I0
(3)

The working fluid is CNC (Alberta Pacific Co. Ltd.) mixed solution. CNC particles are tiny needle-
like crystals that, when stressed, exhibit birefringence by orienting in the same direction to the
stress (Frka-Petesic et al., 2015; Calabrese et al., 2021). CNC was mixed in ultra-pure water, stirred
for more than one hour at 40°C using a stirrer (CHPS-170DF, ASONE Co., Ltd.) rotating at 600 rpm.
The concentration of CNC solution was set to 0.5 wt %. Fig. 3 shows the results of shear viscosity
measurement. Measurements were taken twice for the same concentration of fluid. The measured
shear curve of the solution indicates that the solution can be regarded as a quasi-Newtonian fluid.
In this paper, we approximated CNC mixed solution as Newtonian fluid. A syringe pump was
used to flow the solution from a stationary state to a steady laminar flow. The maximum flow rate
was set at 30 ml/min. To evaluate the validity, measurements were also conducted at different
flow rates (10, 20 ml/min) (see section 3.4). The temporal evolution of retardation distribution was
measured with the high-speed polarization camera. The flow direction is vertical to reduce the
effect of particle precipitation. The coordinate system is set as shown in Fig. 2 where the position
of the channel inlet is defined as x = 0 mm. The coordinate system is set as shown in Fig. 2 where
the position of the channel inlet is defined as x = 0 mm. The measurement position was at x = 45
mm.
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Figure 2. A schematic of the experimental set up.
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Figure 3. Shear viscosity µ versus shear rate γ̇ in the cases of CNC mixed solution (0.5 wt %).
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2.2. Theory

The velocity distribution ux [m/s] of a steady laminar flow in a rectangular channel is derived
Navier-Stokes equation (Delplace, 2018).(

∂2

∂y2
+

∂2

∂z2

)
ux = −∆P

µL
(4)

where ∆P [Pa] is the pressure drop, µ [Pa·s] is the liquid viscosity, and L [m] is the channel length.
From Eq. (4), the velocity distribution ux is derived as

ux(y, z) =
16h2∆P

π3µL

∞∑
n=0

(−1)n

(2n+ 1)3

[
1− cosh (2n+1)πy

2h

cosh (2n+1)πw
2h

]
cos

(2n+ 1) πz

2h
(5)

where w [m] is the channel width, and h [m] is the channel thickness. The calculated velocity
distribution u is shown in Fig. 4.
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Figure 4. The theoretical velocity distribution in a rectangular channel (see Eq. (5)) with ∆P = 74.2 [Pa] and µ = 1.67
[mPa·s].

From the theoretical velocity distribution ux shown in Eq. (5), we calculate the velocity gradient
and stress tensor. From the calculated stress tensor, three principal stresses σ01, σ02, and σ03 (σ01 >
σ02 > σ03), which are orthogonal to each other, are obtained. The principal stress difference is then
calculated from the difference between the maximum principal stress and the minimum principal
stress . The principal stress difference distribution in the yz plane is shown in Fig. 5(a). Fig. 5(a)
shows that the steady laminar flow in the rectangular channel has the three-dimensional stress
distribution in z direction (the optical axis of the camera). The principal stress difference has the
maximum value at the wall and the minimum value (0 Pa) at the center of the channel (y = 0 mm,
z = 0 m). Here we must note that, in a three-dimensional stress field, the principal stress difference
shown in Fig. 5(a) is unsuitable to be used as σd in Eq. (1). Instead, the "apparent" principal stress
difference based on the secondary principal stress on the plane perpendicular to the optical axis of
the camera (xy-plane) should be used (Doyle & Danyluk, 1978; Aben, 1982; Sampson, 1970). The
apparent principal stress difference is given by the following equation;
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Figure 5. (a) The distribution of principal stress difference . (b) The distribution of secondary (apparent) principal
stress difference.

σsec,d =
√

(σxx − σyy)
2 + 4σ2

xy (6)

This σsec,d is called the secondary principal stress difference. The secondary principal stress distri-
bution in the measured cross section calculated using this equation is shown in Fig. 5(b). The value
of the secondary principal stress difference near (y, z) = (0, ±1) is smaller than that of the principal
stress difference because the secondary principal stress difference ignores the shear stress due to
the velocity gradient in z direction.

3. Result and discussion

3.1. Visualization results of retardation distribution and time variation of retardation

Fig. 6(a) shows the visualized image of the retardation distribution taken by the high-speed po-
larization camera. The time when the liquid started to flow was set to 0 ms, and the visualization
images of the retardation distribution at each elapsed time are displayed. The value of the retarda-
tion increases with time. The retardation value was the smallest at the center of the channel (y = 0
mm) and largest at the wall (y = ±1 mm). The reason for this is that the velocity gradient, i.e. shear
stress, near the wall is larger than that near the center of the channel. Fig. 6(b) shows temporal evo-
lution of the mean retardation in the measurement area (orange dotted line in Fig. 2). The average
retardation becomes almost constant after 1,800 ms, indicating that the flow becomes steady. Since
the object of this paper is to clarify the relationship between the retardation and three-dimensional
hydraulic stress field, we focus on a steady laminar flow in a rectangular channel.

3.2. Comparison results between theoretical and measured value

The measurement retardation ∆ (Experimental value) and the calculated secondary principal stress
difference σd,sec (Theoretical value) are shown in Fig.7. As mentioned above, since the measure-
ment result of the retardation is an integrated value along the optical axis of the camera (z-axis
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Figure 6. (a) Time transition of retardation measurement value of CNC (0.5 wt %) at flow rate of 30 ml/min. (b)
Relaxation time of mean retardation of CNC (0.5 wt %) at flow rate of 30 ml/min.
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direction), theoretical secondary principal stress difference was also integrated. The measured re-
tardation was averaged over the spatial range (43 mm < x < 45 mm) and over the time period
(2,800 ms to 3,800 ms) during which the flow was considered to be steady. Note that the area of
analysis is outside the inlet region(x < 30 mm), and the flow is fully developed. From Fig. 7, both
results have a maximum value at the channel wall (y = ± 1 mm), and a minimum value at the
center of the channel (y = 0 mm). This indicated that there is a correlational relationship between
the retardation ∆ and the secondary principal stress difference σd,sec int the stress field of the CNC
mixed solution (0.5 wt %) as well. On the other hand, no proportional relationship is established
between the two. In the stress-optic law, the stress-optic coefficient C is a material-specific physical
property and a constant. Therefore, when the stress-optic law holds, the spatial intensity distribu-
tions of the retardation and the stress coincide. However, Fig. 7 shows that the error between the
two distributions increases as one approaches the center of the channel (y = 0 mm). In the next
section, we discuss the peculiar retardations that develop in the CNC mixed solutions.
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Figure 7. Comparison between distribution of secondary principal stress difference and measured retardation in
y-direction of the CNC (0.5 wt %) solution at flow rate 30 ml/min.

3.3. Discussion about the retardation peculiar to this CNC mixed solution

We discuss the peculiar retardations that develop in the CNC mixed solutions in Fig. 7. One
possible cause is the appearance of retardations due to aggregations of the CNC particles. CNC
mixed solution is reported to develop retardations due to a factor unrelated to stress (Kádár et
al., 2021). Specifically, as the shear rate applied to the CNC mixed solution increases, the CNC
particles aggregate with each other. As a result, a spatial anisotropy arises and a retardation that
is not due to stress develops. This was also confirmed by retardation measurements conducted
in our laboratory. We measured the CNC mixed solution under simple shear flow by using a
rheometer (MCR302, Anton Paar Co., Ltd.) and a high speed polarization camera. Fig. 8 shows
the schematic of experimental setup (a, b) and results (c). The gap height between quarter wave
plate and transparent stage is fixed at 0.10 mm. The shear rates γ̇ applied to the working fluid are
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1,000, 5,000, 10,000 s−1 . When the simple shear flow induced by the rheometer is viewed along the
z-axis, the secondary principal stress difference σd,sec is zero. Therefore, no retardation is expected
to appear. In fact, however, a retardation corresponding to the shear rate of the rotating plate
was measured (Fig. 8(c)). The proportional relationship between the retardation and shear rate is
obtained as

∆st = Cstdhγ̇, (7)

where ∆st is aggregation-induced retardation. Cst is a proportional coefficient calculated from the
result (Fig. 8(c)). and the value is 8.0×10−8 s. dh is the gap height and the value is 0.1 mm. This
phenomenon is unique to the CNC mixed solution. Therefore, in the CNC mixed solution, not
only stress-induced retardations but also aggregation-induced retardation is observed.

Based on the above, in the next section, we will compare the theoretical value with the retardation
that offsets the effect of retardations specific to the CNC mixed solution. Then we discuss the range
of applicability of the stress-optic law to the CNC mixed solution.

単純せん断流動化における液体高分子の位相差発現メカニズムの解明
Elucidation of the mechanism of phase retardation in liquid polymers under simple shear flow.

田川義之研究室 ウォービー　ウィリアム海アレクサンダー
The photoelastisity method using a high-speed polarization camera has attracted much attention as a non-contact
method for measuring fluid stress, but the photoelastic modulus of the fluids is required to visualize the stress. We aim
to obtain the photoelastic modulus experimentaly by measureing the shear stress and phase retardation simultaneously
using high-speed polarization camera and rheometer. The use of an aqueous solution of liquid polymer (CNC) with
Sucrose suggests that the phase retardation measured in this experiment may not be due to the orientation of the
polymer but to structural changes in the polymer crystals in the solvent.
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1 緒　論

流れ場を乱さない非接触非定常な流体応力場計測手法の
1 つとして，光弾性法が注目されている [1]．光弾性法と
は，応力分布を偏光情報である位相差として計測する手法
である．位相差主応力差への比例関係があり，この関係を
応力光学則と呼ぶ [2]．

∆ = Cd(σ1 − σ2) (1)

ここで，∆ [m]は位相差，d [m]は測定物の光軸方向厚さ．
σ1, σ2[Pa]はそれぞれ最大主応力，最小主応力である．位
相差と主応力をつなぐ C [Pa−1]を光弾性係数と呼び，応
力の可視化に必要となる．Mutoらは高速度偏光カメラを
用いることで，位相差分布の実験結果と流体応力場の数値
計算結果を比較し，両者の空間強度分布がおおよそ一致す
ることを報告した [2]．そこで著者は，応力場および流れ
場が既知である単純せん断流動下におけるせん断応力と発
現した位相差を同時計測することにより，光弾性係数を実
験的に取得できると考えた．著者は，レオメータと高速度
偏光カメラを用いて，応力と単純せん断流動下における液
体高分子の位相差分布の同時計測に成功した．しかし，計
測した位相差は光源から射出された光の指向性の低さ，液
体高分子の構造変化による可能性が示された [3]．
光弾性係数の実験的取得にあたり，応力光学則によれば，
応力に対応した位相差を計測する必要がある．しかし，現
状で計測している位相差が何に起因したものなのか明らか
ではない．そこで，修士課程では今までのマクロな視点か
ら脱却し，コロイド・結晶構造といったミクロな観点から
位相差発現メカニズムを検討する．結晶化学分野等の知見
の導入および各分野を専門とする教員からアドバイスを求
めながら，応力以外の要因で発現する位相差のメカニズム
を解明する．本稿では，現段階における計測結果について
報告する．また，今後の予定についても述べる．

2 実験方法

本実験で使用したレオメータ (MCR302, Anton Paar Co.

Ltd.) と位相差計測装置の複合装置の概略図を Fig.1(a)に
示す．光弾性法では，光源・測定対象・高速度偏光カメラを
同一直線上に配置する光学系を組むのが一般的である．し

かし，レオメータのモータユニットと光源ユニットが干渉
するため，ミラーにより光源の光を反射されることで干渉
を防いだ．光源から射出された円偏光が流れを透過し，高
速度偏光カメラに入射できるように透明なガラス製の円板
プレートおよびステージ用いた．プレートとステージ間の
距離は 0.10 mmで固定した．プレートを回転させ作動流体
にせん断応力を負荷させることで位相差が発現する．位相
差計測では，高速度偏光カメラ (CRYSTA PI-1P, Photron

Co. Ltd.，撮影速度 1,000 f.p.s.) を用いてプレート下方
から流れを撮影した．撮影領域は Fig.1(b)の赤実線で囲ま
れた領域とした．作動流体は cellulose nanocrystal水溶液
(CNC, Alberta Pacific Co. Ltd.) を用いた．CNCの濃度
は 1.0wt%とした．本実験では，凝集した CNC結晶を破
砕する目的でホモジナイザーによる超音波処理を施した溶
液，冷水への分散性を促す目的で Scrose50wt%を添加した
CNC溶液，特筆すべき処理を施さない攪拌機による攪拌
のみにより作成した，計 3種類の溶液を使用した．作動流
体の温度は，ステージに接触しているペルチェシステムを
介して 25◦Cに維持した．また，作動流体に付与するせん
断速度 γ̇は 1,000-10,000 s−1とし，プレートとステージ間
で保持する作動流体の容量は約 0.3 mlとした．

3 実験結果・考察

Fig.2にせん断速度および溶液の種類を変化させた際の
位相差分布を示す．Fig.2に示した左上白破線内の領域に
おける位相差∆を計測することで評価を行う．定常状態で
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示す．光弾性法では，光源・測定対象・高速度偏光カメラを
同一直線上に配置する光学系を組むのが一般的である．し

かし，レオメータのモータユニットと光源ユニットが干渉
するため，ミラーにより光源の光を反射されることで干渉
を防いだ．光源から射出された円偏光が流れを透過し，高
速度偏光カメラに入射できるように透明なガラス製の円板
プレートおよびステージ用いた．プレートとステージ間の
距離は 0.10 mmで固定した．プレートを回転させ作動流体
にせん断応力を負荷させることで位相差が発現する．位相
差計測では，高速度偏光カメラ (CRYSTA PI-1P, Photron

Co. Ltd.，撮影速度 1,000 f.p.s.) を用いてプレート下方
から流れを撮影した．撮影領域は Fig.1(b)の赤実線で囲ま
れた領域とした．作動流体は cellulose nanocrystal水溶液
(CNC, Alberta Pacific Co. Ltd.) を用いた．CNCの濃度
は 1.0wt%とした．本実験では，凝集した CNC結晶を破
砕する目的でホモジナイザーによる超音波処理を施した溶
液，冷水への分散性を促す目的で Scrose50wt%を添加した
CNC溶液，特筆すべき処理を施さない攪拌機による攪拌
のみにより作成した，計 3種類の溶液を使用した．作動流
体の温度は，ステージに接触しているペルチェシステムを
介して 25◦Cに維持した．また，作動流体に付与するせん
断速度 γ̇は 1,000-10,000 s−1とし，プレートとステージ間
で保持する作動流体の容量は約 0.3 mlとした．

3 実験結果・考察

Fig.2にせん断速度および溶液の種類を変化させた際の
位相差分布を示す．Fig.2に示した左上白破線内の領域に
おける位相差∆を計測することで評価を行う．定常状態で
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3.4. Comparison results of retardation (offset) and second-order principal stress difference

Fig. 9 shows the result of a comparison between the measured retardation, after offsetting the effect
of the retardation peculiar to the CNC mixed solution using Eq. (7)(Experimental value (offset)),
and the the secondary principal stress difference (Theoretical value). This result indicates that
the retardation, which eliminates the effect of the retardation specific to the CNC mixed solution,
agrees with the theoretical value derived from the stress-optic law with a relative error of 3.84 %.

To evaluate the validity of the above validation results, conducted the same verification and tested
the results in different stress fields As a method of varying the stress field, we conducted at differ-
ent flow rates (10, 20 ml/min). The results are shown in Fig. 10. Fig. 10(a, b) show the calculated
secondary principal stress difference and measured retardation at flow rates of 10 ml/min and 20
ml/min, respectively. The results show that both values increase with an increase in flow veloc-
ity. Fig. 10(c, d) show the spatial intensity distribution of the secondary principal stress difference
(Theoretical value) and the spatial intensity distribution of retardation offsetting the effect of the
retardation specific to the CNC mixed solution (Experimental value (offset)) at flow rates of 10
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ml/min and 20 ml/min, respectively. For a flow rate of 10 ml/min, both distribution agree with a
relative error of 5.67 %. And for a flow rate of 20 ml/min, both distribution agree with a relative
error of 3.24 %. These results indicate that the validation results are valid for different flow rates
(different stress fields).
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Figure 9. Comparison between distribution of secondary principal stress difference and retardation (offsetting the
effect of the retardation peculiar to CNC mixed solution) of the CNC (0.5 wt %) solution at flow rate 30 ml/min.

4. Conclusion

In this study, we measured retardation of steady laminar flow in a rectangular channel for the CNC
mixed solution (0.5 wt %) (Newtonian fluid). As a result, We success in taking visualized image of
retardation distribution. Based on the results, we investigated whether there are any phenomena
(trends) peculiar to the CNC mixed solution that differ from those in the solid case. We conducted
comparison and verification between the experimentally measured retardation distribution and
the theoretical secondary principal stress difference distribution based on the analytical solution in
steady laminar flow in a rectangular channel. We compare the distributions of the experimentally
measured retardation and the theoretical secondary principal stress difference. The result showed
that a retardation, which was not caused by stress, appeared in the CNC mixed solution. The
cause is considered to be the retardation caused by the aggregations of the CNC particles. This
phenomenon does not occur in solids cases. In addition, We investigated the extent to which the
stress-optic law holds for the CNC mixed solution. The result showed that the spatial intensity
distributions of both agreed within a relative error of 3.84 %. This indicates that the stress-optic
law holds for the retardation offsetting the retardation specific to the CNC mixed solution. To
evaluate the validity of the above validation results, we conducted experiments with different
flow rates (10, 20 ml/min). As a result the relative errors from theoretical values were 5.67 % and
3.24 % for flow rates of 10 and 20 ml/min, respectively. These results indicate that the method
presented here is promising for measuring three-dimensional stress field in a flow.
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Figure 10. (a), (b) show the calculated secondary principal stress difference and measured retardation at flow rates of
10 ml/min and 20 ml/min, respectively. (c), (d) show the secondary principal stress difference (Theoretical value)
and the retardation offsetting the effect of the retardation specific to the CNC mixed solution (Experimental value

(offset)) at flow rates of 10 ml/min and 20 ml/min, respectively.
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