
21st International Symposium on Application of Laser and Imaging Techniques to Fluid Mechanics • LISBON | PORTUGAL • JULY 8-11, 2024

High-Speed Stress Field Measurement In A Soft Substrate During Droplet Impact

Yuto Yokoyama1,2, Hirokazu Maruoka3,4, Sayaka Ichihara2, Yoshiyuki Tagawa2,∗

1: Micro/Bio/Nanofluidics Unit, Okinawa Institute of Science and Technology, Japan
2: Dept. of Mechanical Systems Engineering, Tokyo University of Agriculture and Technology, Japan
3: Nonlinear and Non-equilibrium Physics Unit, Okinawa Institute of Science and Technology, Japan

4: Yukawa Institute for Theoretical Physics, Kyoto University, Japan
*Corresponding author: tagawayo@cc.tuat.ac.jp

Keywords: Stress Field Measurement, High-Speed Photoelastic Tomography, Droplet Impact, Soft Material.

ABSTRACT

In this study, we utilized high-speed photoelastic tomography to quantify dynamic stress fields within a soft substrate

during droplet impact. This manuscript details the measurement technique, which employs a high-speed polarization

camera and the principles of photoelastic tomography. Our method successfully enabled the quantitative measure-

ment of dynamic stress fields in a soft substrate during droplet impact. Additionally, we conducted an analysis of

the impact force derived through the spatial integration of the measured stress field. The discussion explored the

interplay between the maximum impact force, droplet viscosity, and substrate elasticity. Our findings indicate that

the maximum impact force Fmax can be expressed as a function with a self-similar variable of Re/Ca2, where Re is

Reynolds number representing the droplet inertial force and droplet viscous force and Ca is Cauchy number repre-

senting the ratio of the droplet inertial force and substrate elastic force. This combination, Re/Ca2, represents the

relationship between the relaxation time of droplet and substrate deformation (η/E), the contact time of the droplet

(R/V ), and the ratio of substrate elastic force to droplet inertial force. Consequently, the maximum impact force Fmax

is determined by the balance between the relaxation and contact times. We believe that our developed method will

significantly enhance the understanding of droplet impact phenomena. Furthermore, it holds potential for broader

applications in various engineering processes, such as analyzing stress distribution in materials caused by liquid jet

impact and studying cavitation bubbles in viscoelastic materials. This method’s ability to provide detailed quantita-

tive measurements of dynamic stress fields offers a valuable tool for future research and technological advancements

in related fields.

1. Introduction

Droplet impact phenomena are essential in various industrial processes, such as inkjet printing
(Lohse, 2022) and spray cooling (Liang & Mudawar, 2017; Breitenbach et al., 2018), and their pre-
diction and control are required. In particular, the maximum expansion radius after impact and
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splash phenomena affect the quality and efficiency of these technologies and have been the subject
of many studies (Yarin, 2006; Josserand & Thoroddsen, 2016). On the other hand, relatively few
studies have focused on the forces and stresses acting on the substrate side during impact (Cheng
et al., 2022). This is important for technologies such as water cutters (Mitchell et al., 2019b) and
needle-free injection using liquid jets (Miyazaki et al., 2021). Understanding the stress field in the
substrate during droplet impact is also academically significant as it reveals aspects of droplet be-
havior that may not be captured through conventional high-speed imaging. For example, it can
unveil the development of a viscous boundary layer within the droplet and provide insights into
the impact behavior at very short timescales immediately after impact.

Previous studies have primarily concentrated on the normal substrate impact force generated dur-
ing droplet impact (Zhang et al., 2017; Gordillo et al., 2018; Mitchell et al., 2019a), as it can be easily
measured using a piezoelectric sensor. However, experimental measurement of the stress distri-
bution generated by an impacting droplet with high spatio-temporal resolutions is more difficult
than measuring the impact force and has rarely been performed. Very recently, Sun et al. (T.-P. Sun
et al., 2022) have used digital image correlation to quantify the deformation of elastic gels due
to droplet impact, thereby realizing high-speed measurement of the stress distribution caused by
droplet impact. This provided experimental evidence of the theoretically predicted stress distri-
bution by Philippi et al. (2016). Nevertheless, methods for quantitative measurement of the stress
distribution during droplet impact at high spatio-temporal resolution are still lacking. In addition
to the above method, new stress measurement methods must be developed to not only validate
theoretical and numerical predictions but also to perform systematic experiments over a range of
untested parameters.

Photoelastic tomography can quantitatively evaluate the stress field of such phenomena. Photoe-
lasticity tomography developed as a method for measuring residual stress in glass and has mainly
been used to measure the static stress field in hard materials (Frocht, 1941; H. Aben & Guillemet,
1993; Asai et al., 2019; Ramesh & Ramakrishnan, 2016). This method evaluates the stress field by
measuring photoelastic parameters due to the optical anisotropy (birefringence) inside a material
caused by stress loading using polarized light (H. Aben & Guillemet, 1993). The recent develop-
ment of high-speed polarization cameras (Onuma & Otani, 2014) has expanded the applicability
of this method to dynamic fields (Miyazaki et al., 2021). The high-speed polarization camera can
visualize dynamic stress fields and measure photoelastic parameters in soft materials, but it has
not been used for quantitative stress measurement through photoelastic tomography. In contrast,
we recently developed a high-speed stress field measurement in a soft substrate using photoelastic
tomography (Yokoyama et al., 2024). Consequently, a wide range of stress fields from O(10−1) to
O(101) kPa were measured simultaneously with large deformation of the substrate.

In this study, we applied this high-speed photoelastic tomography to measure dynamic stress
fields in a soft material during droplet impact. In this manuscript, the measurement method us-
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ing a high-speed polarization camera and the principle of photoelastic tomography will be de-
scribed based on our recent paper (Yokoyama et al., 2024). Additionally, the impact force obtained
by spatially integrating the measured stress field was analyzed, and the relationship between its
maximum value, droplet viscosity, and substrate elasticity was discussed.

2. Method

2.1. Experiment

The schematic of the experimental setup used in this study is shown in Fig. 1. In the exper-
iment, a high-speed polarization camera (CRYSTA PI-1P, Photron, 20,000 fps), a soft substrate
(polyurethane gel phantom, Exseal Co., Ltd., modulus 47.4 kPa), and a light source producing
circularly polarized light were placed in a straight line. A solid sphere or droplet was impacted
on a soft substrate. The z axis is the central axis of the solid sphere and droplet, and z = 0 is the
surface of the substrate. The r-axis is parallel to the z-axis, and r = 0 is defined as the intersection
point with the z-axis. Silicone oil (Shin-Etsu) with viscosities of 100, 101, 102, 103, 104 cSt was used
as a droplet. The average droplet radius R was 1.27 mm. Plastic spheres with radius R = 2.98 mm
and density ρ = 997.3 kg/m3 were used as solid spheres. Impact velocities V of the solid spheres
and droplets were varied between 0.2 ∼ 3.0m/s by adjusting their falling heights.

Photoelasticity measures the photoelastic parameters of a material using polarized light to evalu-
ate the stress field due to optical anisotropy (birefringence) caused by stress loading (H. Aben &
Guillemet, 1993). When circularly polarized light from a light source enters a material under stress,
it is emitted as elliptically polarized light with photoelastic parameters (phase retardation ∆ and
orientation ϕ) corresponding to the stress state in the material. It is possible to measure both the
retardation ∆ orientation ϕ of light emitted by using the polarization camera. Four linear polariz-
ers are installed in neighboring pixels of the image sensor of the polarization camera. The angles
of the polarizers are 0◦, 45◦, 90◦, and 135◦. The camera’s sensor measures light intensity values
through linear polarizers, denoted by I0◦ , I45◦ , I90◦ , and I135◦ . By using the four-step phase-shifting
method (Ramesh, 2021; Otani et al., 1994; Onuma & Otani, 2014; Yokoyama et al., 2023), ∆ and ϕ

can be obtained from the four intensity values as follows:

∆ =
λ

2π
sin−1

√
(I90◦ − I0◦)

2 + (I45◦ − I135◦)
2

I/2
, (1)

ϕ =
1

2
tan−1 I90◦ − I0◦

I45◦ − I135◦
, (2)

where I = I0◦ + I45◦ + I90◦ + I135◦ . ∆ and ϕ are calculated by a software (Photron Ltd, CRYSTA
Stress Viewer).
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Figure 1. Experimental setup for measuring the stress field in a soft substrate during a sphere or droplet impact.

2.2. Photoelstic tomography

There are the following relationships between the stress field inside a material and measured pho-
toelastic parameters (H. Aben & Puro, 1997; Doyle, 1982; H. Aben et al., 2010b):

V1 ≡ ∆cos 2ϕ = C

∫ ∞

−∞
(σxx − σzz) dy, (3)

V2 ≡ ∆sin 2ϕ = 2C

∫ ∞

−∞
σxzdy, (4)

where C is the material-specific stress-optic coefficient, and σxx, σzz, and σxz are the stress compo-
nents in Cartesian coordinates, with the y-axis as the camera’s optical axis.

As shown by the integrated equations, the photoelastic parameters that can be measured using a
polarization camera are the integrated values of the internal stress field along the camera’s optical
axis. Therefore, tomography is required to convert the photoelastic parameters into the stress
tensor components at each point inside the material. H. Aben & Errapart (2012) suggested that
the problem of stress field tomography could be solved if it could be reduced to a problem of
scalar field tomography for a single stress tensor component. To determine the stress field inside
a material using photoelastic tomography, it is necessary to measure the photoelastic parameters
in two sections, the upper section and lower section, parallel to the x-y plane and separated by a
distance ∆z (H. K. Aben et al., 1992; H. Aben et al., 2008). It’s usually recommended to measure
the camera’s optical axis in multiple directions around the z-axis to ensure precise measurements.
We now consider an arbitrary three-dimensional stress field with boundaries (see Fig. 2(a)). In a
part of this field, which is indicated by the element ABX in Fig. 2(b), the force equilibrium along
the x-axis can be written as following equations:

∆z

∫ A

B

σxxdy = Tu − Tl, (5)
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Figure 2. (a) A general three-dimensional stress field. (b) The considered element ABX enclosed by the dashed line.

where Tu and Tl are shear forces on the upper and lower surfaces of the element and A,B denote
the boundary of the three-dimensional stress field on the y-axis. Tu and Tl can be written using Eq.
(4):

Tu =
1

2C

∫ X′

x

V ′
2dx, Tl =

1

2C

∫ X

x

V2dx. (6)

∵ Tl =

∫ X

x

∫ B

A

σxzdydx =

∫ X

x

1

2C
V2dx

Here, V ′
2 is the V2 measured in the upper section. X ′ and X are the outer positions of the upper

and lower sections, respectively. Substituting Eqs. (5) and (6) into Eqs. (3) and (4), we get∫ A

B

σxzdy =
1

2C
V2, (7)∫ A

B

σzzdy =
1

2C∆z

(∫ X

x

V ′
2dx−

∫ X

x

V2dx

)
− V1

C
. (8)

If the stress field is axisymmetric, such as droplet impact, the stress field can be experimentally
determined using Eqs. (7) and (8) (Anton et al., 2008; Errapart, 2011). In the case of an axisymmetric
stress field, the stress tensor has four components: radial stress σrr, hoop stress σθθ, axial stress σzz,
and shear stresses σrz. The r-z plane is perpendicular to the camera’s optical axis, and the z-axis is
the axis of symmetry. To calculate the components σrz and σzz, we use the integrated relationships,
Eqs. (7) and (8), using the measured values of ∆ and ϕ. The equations of the theory of linear
elasticity are used to reconstruct σrr and σθθ using calculated values of σrz and σzz (Errapart, 2011).

2.2.1. Determination of the shear and axial stresses

The shear and axial stresses, σrz and σzz can be determined from the photoelastic parameters using
Eq. (4) based on the onion-peeling (OP) method (Anton et al., 2008). The OP method is one of the
algorithms for numerically solving the inverse Abel transform, a well-known axisymmetric scalar
field tomography method (Dasch, 1992; Xiong et al., 2020). The onion-peeling method models
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the axisymmetric field as N rings (Fig. 3), each with a fixed scalar value and thickness of ∆r.
Integrated values measured by the polarization camera, V (i)

1 and V
(i)
2 at a certain optical path, are

the sum of the stresses acting on each ring along the length of the optical path Wi,j . For example,
the relationship between an integrated value and shear stress acting on the ith ring, V (i)

2 and σ(i)
rz ,

respectively, can be described based on Eq. (7) as the following equation:

V
(i)
2 = 4C

N∑
j=i

Wi,jσ
(j)
xz = 4C

N∑
j=i

Wi,jσ
(j)
rz cos θi,j, (9)

where

Wi,j =


0 j < i,

∆r
2

√
(2j + i)2 − 4i2 j = i,

∆r
2

√
(2j + i)2 − 4i2 − ∆x

2

√
(2j − i)2 − 4i2 j > i,

(10)

and

θi,j =

0 j = i,

cos−1 2i

2j − 1
j > i.

(11)

The stress values can be computed starting from the outermost ring and progressing inward, uti-
lizing Eqs. (9) and (12). This allows us to determine the shear and axial stresses for all the rings.
Note that the shear stress σrz is not axisymmetric when distributed in Cartesian coordinates’ x-y
plane, thus σxz = σrz cos θ. This is because photoelasticity can only measure the stress component
projected onto the plane perpendicular to the camera’s optical axis (Anton et al., 2008).

Similarly, the axial stress acting on the ith ring, σ(i)
zz , can be determined using the following equation

based on Eq. (8).

V
(i)
1 − 1

2∆z

i∑
j=1

(V
′(j)
2 − V

(j)
2 )∆x = 2C

i∑
j=1

Wi,jσ
(j)
zz (12)

2.2.2. Determination of the radial and hoop stresses

The equations of linear elasticity are used to determine the radial and stresses, σrr and σθθ, as
noted in (Errapart, 2011; H. Aben et al., 2010a). These stresses must satisfy both the equilibrium
and compatibility equations,

∂σrr

∂r
+

σrr − σθθ

r
+

∂σrz

∂z
= 0, (13)

∂

∂r
{σθθ − ν(σrr + σzz)} − (1 + ν)

σrr − σθθ

r
= 0, (14)
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Figure 3. Diagram of onion-peeling algorithm.

respectively. The differential equations for σrr and σθθ can be obtained by transforming these equa-
tions as follows:

∂σrr

∂r
= −σrr − σθθ

r
− ∂σrz

∂z
, (15)

∂σθθ

∂r
=

σrr − σθθ

r
− ν

∂σrz

∂z
+ ν

∂σzz

∂r
. (16)

The second and subsequent terms on the right-hand side of these equations are known values
because they could be obtained by Eqs. (9) and (12). By numerically solving these differential
equations, it is possible to determine both the radial and hoop stresses.

2.2.3. Quasi-static approximation

In the earlier sections, the tomography algorithm assumed equilibrium, except when it came to
reconstructing the shear stress σrz. Therefore, to reconstruct stresses from the time-series data
of the measured photoelastic parameters, we need to adopt the quasi-static approximation. We
compare the impact velocity V and the pressure wave speed vp in the material to confirm this
approximation. The speed of the pressure wave vp can be estimated using the following equation
(Johnson, 1985):

vp =
√
E/ρs, (17)

where E and ρs are Young’s modulus and the density of the substrate material, respectively. In
cases of low-velocity impacts, where the impact velocity V is less enough than the pressure wave
velocity vp, the possibility of the quasi-static approximation being applicable is higher. In our
experimental setup, the highest value observed for V/vp is approximately 0.45. This arises from
a maximum V of 3.0m/s and an estimated vp of 6.7m/s, with material properties E at 47.4 kPa
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and ρs at 1064 kg/m3. Consequently, we made the assumption that the quasi-static approximation
remains valid in our experiment, given that the ratio V/vp is below 1.

2.2.4. Validation of photoelastic tomography for a dynamic stress field measurement in a soft
material

We carefully validated the applicability of photoelastic tomography to a dynamic stress field mea-
surement in a soft material in our recent paper (Yokoyama et al., 2024). The investigation carried
out in the paper contains both Hertzian contact and impact problems. When the external force
and other contact conditions are known in advance, it becomes possible to theoretically derive
the stress field within the material or the impact forces exerted on the material surface based on
the Hertizan contact theory (Johnson, 1985; Ike, 2019; Love, 1929; Pradipto & Hayakawa, 2021;
Kuwabara & Kono, 1987). This provides a means to assess the reliability of the experimentally
reconstructed stress field obtained from photoelastic parameters.

Consequently, it was indicated that photoelastic tomography could measure all axisymmetric
stress components in a soft substrate accurately. Even in the dynamic stress field, it was demon-
strated that photoelastic tomography can be employed for the quantitative measurement of shear
and axial stress waves. The details of the validation and its results are explained in (Yokoyama et
al., 2024).

3. Results and discussion

3.1. Dynamic stress field measurement

Fig. 4 shows a solid sphere or droplets of different viscosities impacting a soft substrate at an
impact velocity of approximately 2.8m/s. The time when the droplet and the solid sphere touched
the substrate is defined as 0 s. The lower part of each image shows the distributions of ∆ and ϕ.
The color bar in the figure indicates ∆, and the white arrow indicates ϕ.

In the case of droplets, the maximum retardation is observed approximately 0.2ms after the impact,
gradually decreasing over a longer time until it finally reaches 0 nm. The maximum retardation
increases as the droplet viscosity increases. The orientation is distributed radially from the origin
of droplet impact, (r, z) = (0, 0). From the retardation and orientation data, the stress field in
the substrate can be reconstructed using the photoelastic tomography algorithm described in the
previous section.

Here, we show the spatio-temporal distributions of axial and shear stresses as examples of stress
field reconstruction results using photoelastic tomography. Figs. 5 and 6 show the reconstructed
axial stress σzz and shear stress σrz obtained from the data of the photoelastic parameters (Fig. 4).
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Figure 4. Spatio-temporal distribution of retardation (color) and orientation (white arrows) during a sphere and
droplets impacting on a soft substrate when V ≃ 2.8± 0.1 m/s.
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Figure 5. Spatio-temporal distribution of axial stress σzz during a sphere and droplets impacting on a soft substrate
when V ≃ 2.8± 0.1 m/s.
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Figure 6. Spatio-temporal distribution of shear stress σrz during a sphere and droplets impacting on a soft substrate
when V ≃ 2.8± 0.1 m/s.
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Focusing on the distribution along the z-axis of σzz, immediately after the collision, around 0.1ms,
a region of high-stress concentration is observed near the contact interface between the droplet
and the substrate. Subsequently, with the z-axis motion of the droplet, the stress propagates and
decreases in the z-direction. Examining the distribution along the r-axis of σzz, in the region near
the contact interface between the droplet and the substrate, positive values are indicated, while
in the outer region, negative values are observed. The boundary between positive and negative
stresses, initially following the periphery of the contact interface r = a(t) immediately after the
collision, propagates and decays in the r-direction beyond r = a(t). Focusing on the distribution
along the r-axis of σrz, around 0.1 ms after the collision, a region of high-stress concentration is
observed near the periphery of the contact interface r = a(t) between the droplet and the substrate.
Subsequently, with the r-axis motion of the droplet, the stress propagates and decreases in the r-
direction. This trend is consistent with the experimental measurements by Y. Sun et al. (2022)
and the theoretical predictions by Philippi et al. (2016). These results indicate that photoelastic
tomography can be used for dynamic stress field measurement in a soft substrate during droplet
impact. Here, the negative value of the σrz along the z-axis is due to the measurement error of the
orientation data. Theoretically, the orientation on the right side of the z-axis should be positive
under our experimental condition. However, it shows sometimes the negative value near the z-
axis, resulting in the negative value of the shear stress along the z-axis. A more detailed discussion
of this error has been described in (Yokoyama et al., 2024).

3.2. Impact force

3.2.1. Temporal evolution of impact force

Many studies have focused on the impact force during droplet impact (Zhang et al., 2017; Gordillo
et al., 2018; Mitchell et al., 2019a). However, there has been limited investigation into the im-
pact of droplet properties and substrate characteristics on the stress field. A relationship between
droplet viscosity and impact force has been found in previous studies, but they only use rigid
substrates that do not deform. The effect of substrate elasticity on impact force has not been clar-
ified. However, it is generally difficult to measure pressure in soft substrates using piezoelectric
sensors. Piezoelectric sensors are typically effective with hard materials and may have difficulty
sensing sufficient pressure in soft materials with large deformation. On the other hand, our stress
measurement method can also measure the dynamic stress field in soft substrates during droplet
impact. Therefore, it is possible to obtain impact forces by spatially integrating the stress field.

If the substrate deforms, the deformation of the substrate in z-direction can be denoted by z = δ(r)

as a function of radial position r. Since the axial stress acting on the surface of the deformed
substrate is σzz(r, z = δ(r)), the impulsive force F acting on the substrate can be estimated by
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Figure 7. Temporal evolution of impact forces, F , with different impact velocities during a sphere or droplet impact.

integrating the axial stress acting on the substrate surface, i.e.,

F = 2π

∫ ∞

0

σzz(r, z = δ(r))rdr. (18)

Fig. 7 shows the temporal evolution of impact force F (t) acting on the surface of the soft substrate
during solid sphere or droplet impact. For each droplet impact, the maximum value Fmax of the
impact force increased with the impact velocity V . This indicates that the impact force increases as
the droplet inertia increases. Fmax also increased with droplet viscosity η. These trends are similar
to the results of previous studies using hard substrates (Zhang et al., 2017; Gordillo et al., 2018).

3.2.2. Scaling law for the maximum impact force

Here, we focus on the maximum impact force Fmax. We discussed how Fmax varies with the impact
velocity V , droplet radius R, droplet viscosity η, and substrate elasticity E.

The scaling law for Fmax during the impact of a solid sphere, predicted by the Hertzian impact
model (Pradipto & Hayakawa, 2021; Kuwabara & Kono, 1987), can be expressed as

F̃max ∝ Ca−2/5. (19)

Here, F̃max = Fmax/ρV
2R2 is a dimensionless quantity nondimensionalized by the inertia force of

the impactor. The parameter Ca = ρV 2/E is called the Cauchy number, representing the ratio of
droplet inertia force to substrate elastic force. In the case of high-viscous droplets, the scaling law
of F̃max is expected to show this Hertzian impact scaling. If the droplet viscosity and substrate
elasticity are constant, the scaling law can be rewritten as F̃max ∝ Re−4/5, where Re = ρV R/η is
Reynolds number. On the other hand, for low-viscosity droplets impacting on a rigid substrate,
Fmax is proportional to the droplet’s inertia force ρV 2R2 (Cheng et al., 2022; Soto et al., 2014), re-
sulting in a scaling law of

F̃max = const. (20)

Fig. 8(a) illustrates the relationship between F̃max and Ca. The black dashed line represents the
scaling law from Hertzian impact, Eq. (19), and the high-viscous droplet with 104 cSt shows a
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Figure 8. F̃max = Fmax/(ρV
2R2) v.s. (a) Ca = ρV 2/E or (b) Re = ρV R/η. The black dashed lines indicate the scaling

law for the Hertzian impact, F̃max ∝ Ca−2/5. The black dotted-dashed lines indicate the scaling law for inviscid
droplet impact on a rigid substrate, F̃max = const.

similar trend. As the droplet viscosity decreases, the slope of F̃max for each droplet decreases and
eventually approaches the scaling law for low-viscous droplet, Eq. (20). To account for the influ-
ence of droplet viscosity, Fig. 8(b) shows the results using the Reynolds number on the horizontal
axis. Even in this graph, the results for 104 cSt droplets show a slope predicted by the scaling law
of Hertzian impact, while droplets with decreasing viscosity exhibit different slopes. These results
indicate that the crossover of the scaling law for F̃max between Eq.(19) and Eq.(20) exists in this
region.

3.2.3. Scaling law for the maximum impact force considering the substrate elasticity

Assuming that the maximum force Fmax of a droplet colliding with a soft substrate is determined by
four physical quantities: ρ, V,R, η, E, Buckingham’s Π theorem suggests that F̃max can be expressed
as a self-similar with Ca and Re as variables, i.e.,

F̃max = f(Re,Ca). (21)

By appropriately combining Re and Ca, it is possible to collapse the data plots of F̃max onto a single
curve.

Maruoka (2023) proposed a method to find a combination of the dimensionless numbers resulting
in data collapse in a parameter range where the scaling laws transition. Initially, a scaling law in a
specific limit is defined as a new dimensionless number as Ψ. In this limit, Ψ has a constant value.
However, as one approaches the opposite limit, the scaling law transitions, and Ψ deviates from
that constant value. The aim of the method is to find a self-similarity parameters which constitutes
a self-similar solution to achieve the data collapse.

According to Fig. 8, in the low Re limit, F̃nmax follows the scaling law of Hertzian impact, Eq.
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19. Therefore, by defining a new dimensionless number Ψ = F̃max/Ca−2/5, we assume the folliond
self-similar solution, i.e.,

Ψ = Φ(Re · Caβ). (22)

In the limit of low Re, where it converges to the scaling law of Hertzian impact, lim
Re→0

Ψ = ΨHertz.
Thus, the variation in the scaling law with increasing Re is equivalent to the deviation of Ψ from
the constant value ΨHertz.

In this experiment, by averaging the maximum impact force Fmax during solid sphere impact,
ΨHertz was found to be 1.91. Based on the data-driven method to find the power exponent β result-
ing in the data collapse of Φ, which was proposed by Maruoka et al. (2024), we found β = −2, i.e.,

Ψ = Φ
(
Re/Ca2

)
. (23)

Fig. 9(a) illustrates a graph with Z = Re/Ca2 on the horizontal axis and Ψ on the vertical axis. For
small values of Z, around Z = 101,Ψ shows a value close to ΨHertz, and as Re/Ca2 increases, Ψ
decreases. The function Φ that captures this trend can be represented, for example, as

Ψ = Φ(Z) = ΨHertz

(
1 +

Z

A

)κ

, (24)

where A represents the deviation of Ψ from ΨHertz, indicating the transition region of the scaling
laws, and κ denotes the power exponent of the scaling law in the limit of Z ≫ A. This function
converges to Ψ = ΨHertz in the limit of Z ≪ A, representing the scaling law of Hertzian impact. On
the other hand, in the limit of Z ≫ A, it converges to a scaling law Ψ ∝ Zκ. The solid line in Fig.
9(a) represents the expression (24) with A = 10 and κ = −1/10, providing a good representation of
the trend in the experimental data for Ψ.

Here, let us consider the physical meaning of the combination, Z = Re/Ca2, that provides data
collapse for Ψ. Interpreting Re/Ca2, we have:

Re

Ca2
=

R/V

η/E

E

ρV 2
=

Contact time

Relaxation time

Elastic force

Inertial force
, (25)

where η/E represents the relaxation time associated with the deformation of the droplet and sub-
strate surface. On the other hand, R/V represents the time duration in which a droplet contacts
with the substrate, namely contact time. Therefore, this combination of dimensionless numbers
reflects the ratio between the contact time of droplet and the relaxation time of droplet-substrate
deformation, as well as the ratio of substrate elastic force to droplet inertial force. When the contact
time is significantly shorter than the relaxation time, an increase in droplet viscosity or a decrease
in substrate elasticity suppresses the spreading of the droplet, approaching the scaling law of Her-
tizan impact. Conversely, when the contact time is longer than the relaxation time, a decrease
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Figure 9. (a) Relationship between Ψ = F̃max/Ca−2/5 and Z = Re/Ca2. The solid line shows the function of Z, Eq.
(24). (b) Mass-dashpot-spring system to model the impact force.

in droplet viscosity or an increase in substrate elasticity accelerates the spreading of the droplet,
leading to a deviation from the scaling law of Hertizan impact. This can be considered a key
mechanism for determining the maximum impact force of droplets on a soft substrate.

Although we referred to η/E as the “relaxation time,” it is traditional to define the relaxation time
using the physical properties of the same material. However, it is important to note that η/E we
said employs the physical properties of different materials, droplet and substrate. The reason for
this can be considered as follows. The droplet and substrate are always in contact from the time
of impact until the droplet exhibits maximum impact force. Therefore, the motion of the droplet
and substrate can be modeled as a single system then η/E can be adopted as the relaxation time
of that system. For instance, if we model this system as a mass-dashpot-spring system consisting
of the mass, the viscosity of the droplet, and elasticity of the substrate, as shown in Fig. 9(b), the
dimensionless equations of motion regarding the displacement of the surface of the substrate zs
include the ratio of the relaxation time η/E to the contact time R/V .

4. Conclusion

In this study, high-speed photoelastic tomography was employed to quantify dynamic stress fields
within a soft substrate during droplet impact. The manuscript outlined the measurement tech-
nique, utilizing a high-speed polarization camera and the principles of photoelastic tomography.
Using this method, we succeeded in quantitatively measuring the dynamic stress field in a soft
substrate during droplet impact. Furthermore, an analysis of the impact force, derived through
spatial integration of the measured stress field, was conducted. The discussion delved into the
interplay between the maximum impact force, droplet viscosity, and substrate elasticity. As a re-
sult, it is indicated that the maximum impact force Fmax can be expressed by a function that has
a self-similar variable of Re/Ca2. The combination Re/Ca2 represents the relationship between
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the relaxation time of droplet and substrate deformation, η/E, and the contact time of the droplet,
R/V , as well as the ratio of substrate elastic force to droplet inertial force. The maximum impact
force Fmax can be determined by the balance between the relaxation and contact times.

We believe that our developed method will help to better understand droplet impact phenomena
in the future. It may also lead to an understanding of other phenomena related to various engi-
neering processes, such as stress distribution in materials caused by liquid jet impact (Mitchell et
al., 2019b) and cavitation bubbles in a viscoelastic material (Rapet et al., 2019).
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